We find the coexistence of two kinds of non-abelian anyons, Majorana fermion at the geometric ends and Jackiw-Rebbi-type bound state (JRBS) at a domain-wall, in a topological superconducting phase in one-dimensional (1D) systems. Each localized JRBS carries a new fractional quantity, half of the parity of fermion number. This induces a topological protected crossing at the zero energy for its eigen-energy. For a chain embedded with a JRBS, one is possible to switch between the occupied and empty states of Majorana zero energy state (MZES) by varying the strength of external magnetic field across that crossing point. This enable a way to encode a quantum qubit into one MZES without breaking parity conservation. We propose that such JRBS and Majorana fermion can appear in two 1D models, one can be accomplished in an artificial lattice with staggered hopping, staggered spin-orbital interaction and staggered superconducting pairing for cold fermion atoms, the other is describing a 1D semiconductor chain sandwiched between s-wave superconductor and antiferromagnet.
Introduction.-It has been proposed that Majorana Fermions (MF) can exist in a topological superconducting phase (TSP) at the core of magnetic vortex penetrating a 2-dimensional (2D) p x ± ip y superconductor [1] [2] [3] [4] [5] [6] [7] [8] [9] or at the ends of a 1-dimensional (1D) p wave superconductor [5, [10] [11] [12] [13] [14] [15] . These MFs, being their own anti-particles, obey non-abelian braiding statistics so that the quantum computing based on them is fault-tolerant [3, 16] . In practice, a quantum qubit is encoded into two Majorana zero energy states (MZES) but not into one because the parity conservation prevents the switching between the occupied and empty states of a MZES. This restriction definitely increases the complexity of the topological computing in experiment.
In this paper, by considering the coexistent JackiwRebbi-type bound state (JRBS) on a domain-wall [12, 13, [17] [18] [19] [20] , we are able to switch between the occupied and empty states of a MZES by varying external magnetic field. This switching manipulation is based on a topologically protected crossing at the zero energy for the eigenenergy of JRBS, which has been schematically showed in Fig. 1(b) .
At the first glance, it is surprising that a localized JRBS can affect the global properties encoded in MZES. The key clue is that in the present of superconducting coupling, JRBS has abandoned one of its well-known properties: each JRBS carries fractional charge e/2 [12, 17] . This is due to the broken of fermion number conservation. But the parity conservation of fermion number is still present which makes JRBS carry fractional parity(FP), a fractional quantity used to hide behind fractional charge. It is in this way that the localized JRBS links with the global property, parity of total fermion number.
Firstly we want to illustrate how FP occurs in the 1D systems. Suppose there are two infinite chains, A and B. A is uniform and B has a pair of JRBSs and is uniform elsewhere. The parameters on A and B are the same. The two JRBSs on B are far from each other so that each one can be considered individually. In the absence of superconducting pairing, the total numbers of fermions are well defined, denoted as N A and N B in the chains A and B respectively. A standard Thouless pump tells us that the two JRBSs in B cause |N A − N B | = 1. The fractional charge e/2 carried by JRBS is produced in this argument because each JRBS must take the responsibility of the half of one elemental charge induced by the fermion number difference. When the superconducting pairing is nonzero, the conserved quantities on the chains, A and B, regress from fermion number to fermion parity, P A(B) = N A(B) mod 2. We will show that the well defined (conserved) quantities on A and B are different by |P A − P B | = 1. So each JRBS takes the responsibility of the half of this parity difference. This is the source from where the concept, FP, comes.
We will also show that this feature could be realized in two 1D systems showed in Fig. 1 (a) . The first model can be realized with cold atoms in an artificial 1D lattice with staggered nearest neighboring hopping, staggered spin orbital interaction and staggered superconducting
(Color online) (a) two 1D models we studied. In the upper model, the double bonds and single bond are used to illustrate the alternative stronger and weaker hoppings between the nearest neighboring sites. The spin-orbital interaction αR, as well as the on-site Cooper pairing ∆ are also staggered along the chain. The domain-wall, simulated by two adjacent stronger bonds, can host one JRBS (green cloud), while MF appears at the geometrical ends(red cloud). In the bottom model, s-wave superconducting pairing and antiferromagnetic (AF) order are introduced to a uniform semiconductor chain by the proximity effect. The domain-wall is simulated by an AF domain-wall. (b) A schematic illustration of the energy spectrum of bulk states, the eigen-energy of JRBS and MZES in the TSP. The blue regions represent the bulk band. The JRBS must continuously connect the particle and hole bands and inevitably go through zero energy at a point. The dotted line shows the eigen-energy of its antiparticle obeying the particle-hole symmetry.
pairing. The latter one is more easier to be carried out by sandwiching a semiconductor chain between an antiferromagnet(AF) and an ordinary s-wave superconductor. In our numerical calculation, the domain-wall is simulated by two adjacent stronger(weaker) bonds in the first model and by an AF domain-wall in the latter one. But our conclusions, in general, do no depend on the actual size and shape of the domain-walls.
The first model.-We start from a theoretical 1D Hamiltonian,
Here, c iβ and c † iβ are the annihilation and creation operators for spinful fermion with spin β on site i and σ's are Pauli matrices. The energy units are set as the uniform part of hopping. σ z appears in the hopping term because we have applied a transformation, c (2n+1)↓ → −c (2n+1)↓ , on the odd sites of the lattice for the upper model showed in Fig. 1(a) . The parameters µ, δ, α R and ∆ are for the strength of the chemical potential, the staggered part of hopping, the staggered spin-orbital interaction and the staggered superconducting pairing, respectively.
The phase diagram of the first Hamiltonian.-This model has two TSPs. The phase boundaries can be determined by diagonalizing the Hamiltonian in the momentum space and figuring out the parameters at which the band gap closes. The detailed discussions are presented in the Supplemental Material [21] . We find that the two TSPs are in the parameter regions:
, respectively. These regions will be explicitly indicated in Fig. 4 . It should be noted that Region II is less dependent on δ and can be regressed to the TSP of a uniform chain (without staggered hopping) when δ = 0. But region I is a new TSP that appears only when |δ| > |α R | with µ = 0. It is only in this region that the FP JRBS emerges and the unavoidable zero energy crossing appears.
Next, we will use a topological argument to prove that each JRBS carries FP. From this, we can conclude that the zero energy crossing for JRBS is unavoidable. After that, the application of this property on controllable switching of the occupation states of a MZES is presented.
Fractional parity JRBS.-We use the evolution of Wannier functions (WF) during the Thouless pump to complete a topological proof of the assertion raised in the introduction.
We extend the Thouless pump (charge pump), first introduced to the spinless Su-Schrieffer-Heeger (SSH) model [12, [22] [23] [24] , to the present spinful model. It is enrolled by modifying the Hamiltonian with an extra parameter φ, H(φ) = H 0 (φ) + H st (φ), where
and H 0 (φ) is the modified Hamiltonian by replacing δ with δ cos(φ) in Eq. 1. The absolute value of h st is moderate so that the band gap at the Fermi energy is not closed during the pump.
The most localized WFs [25] [26] [27] for the occupied bands are obtained from the eigenvectors of the tilde position operatorR(φ) =P (φ)RP (φ), whereR is the position operator extended to the Nambu representation andP (φ) = α∈occupied states |α(φ) α(φ)| is the project operator on the occupied states (E < 0) for the Hamiltonian H(φ). Here the position operator isR = diag(1, 2, · · · , N )τ 0 , where τ 0 is the 2 × 2 unit matrix in the particle-hole subspace and diag(1, 2, · · · , N ) is a diagonal matrix with the diagonal elements running through lattice sites from 1 to N . The eigenvalues ofR(φ), denoted as Rs, are the central positions of the WFs. It should be noticed that in the Nambu representation, each unit cell contributes 4 WFs while in a half filled spinless SSH model, it contributes only 1 WF.
In Fig. 2 , we plot the energy spectrum (a) and the centers of WFs (b) during the Thouless pump with the parameters in region I. In this paper, only the positive eigenenergies are showed, while their symmetric negative counterparts are omitted. The energy spectrum shows , we show that the Hamiltonian can be decoupled into two parts, H ± , when µ = 0. Increasing µ from 0 prohibits this decoupling but the topological properties of the band keep invariant until the gap closes. The above two groups of WFs inherit the evolution with φ from those of the partial Hamiltonians H ± , respectively. The WFs inherited from those of H + experience a trival evolution (WFs come back to their initial positions) after a circle of pump while the other set that undergo a nontrivial evolution (WFs switch one unit cell) comes from those of H − . If transforming H ± back to the lattice representation through an inverse Fourier transformation, one can find MF at the ends in H + and JRBS at domain-wall in H − . We have also studied the evolution of WFs with the parameters in region II. But the WFs do not show any nontrivial evolution in that case. Fig. 2 (b) helps us to recognize that each JRBS carries FP. The topological proof includes 4 steps and we would like to highlight the goal of each step in the paper and put the details in the Supplemental Materials [21] . In the 1st step, besides the chains A and B raised in the introduction, an auxiliary chain C is employed. C is not uniform but with the pump parameter φ varying slowly along it from 0 to 2π. The other parameters are the same as those in the uniform chain A. From the evolution of WFs showed in Fig. 2 (b) , on account of the total numbers of WFs, we can conclude that chains C and A are different by one pair of WFs. In the 2nd step, we prove that B and C have the same numbers of WFs. So with the bridge: chain C, we find that chain A and B are different by the pair of WFs. In the 3rd step, at a particular set of parameters, µ = 0, B = 0.3 and α R = 0, the pair of WFs implies that the total number of quasi-particles in A and B are different by one in the representation of H ± . In the 4th step, after coming back to the original Nambu representation, the above one quasi-particle difference is equivalent to the parity difference between chains A and B. When the parameters leave away from these particular ones, the above conclusion is not modified as long as they are still in region I.
Through the above 4 steps, we have topologically proved that the total fermion parity on chains A and B, P A and P B , are different, |P A − P B | = 1. So each JRBS takes the responsibility of one half of the parity difference and FP comes out naturally. These conclusions can be confirmed numerically. We have numerically calculated the parity of the chains A and B with length N = 400 and periodic boundary condition. The fermion parity is calculated by P = rank(v) mod 2 [28] , where rank(v) is the rank of Bogoliubov matrix v. We confirm that |P A − P B | = 1 in region I and |P A − P B | = 0 elsewhere.
Electric charge carried by a JRBS.-When the superconducting pairing is nonzero, JRBS abandons one of its most famous properties, fractional charge e/2, because the particle number is not well defined. We numerically confirm it by calculating the electric charge Q (in the units of e) carried by a JRBS [24] ,
where ρ WD L is the total particle number in a segment with a domain-wall at its center and ρ 0 L is the particle number for a segment without the domain-wall. L is the length of these segments which should exceed the localization length of JRBS. In the numerical calculation, we choose L = 200 which is long enough for a saturated Q.
The calculated Q as a function of B is showed in Fig.  3 . It is confirmed that the electric charge Q becomes non-universal and is dependent on µ, as well as on B in region I. When µ = 0, the domain-wall becomes neutral because the particle number on each site is exactly one, independent of the presence of domain-wall. When µ = 0, the nonzero Q is smoothly varying in region I, except near B 0 at which its sign is switched. This sign switching is directly associated with the zero energy crossing for JRBS showed in the inset. In inset, we show the energy spectrum for the ring with µ = 0.4. The eigen-energy inside the bulk gap is for the JRBS on domain-wall. It is the particle-hole transition for the JRBS around the zero energy crossing point that changes the sign of electrical charge Q.
In region II, the charge shows a peak and a dip at the phase boundaries. But it is almost zero inside the region. We suggest that the peak and dip are due to the quantum fluctuation accompanied with the band gap closing.
Unavoidable zero energy crossing.-The energy spectrum in inset of Fig. 3 shows a zero energy crossing for JRBS. Now we apply a topological argument to prove that the zero energy crossing is unavoidable. We start from a proof by contradiction by supposing that the energy spectrum for JRBS does not cross zero energy. One can modify the factors, i.e., the size of the domain-wall, so that its eigen-energy is near the bulk band but not deeply inside the band gap. In this case, the eigen-energy of JRBS is not different from that of a normal impurity. When embedding such a domain-wall in a uniform chain, the contribution of fermion parity from it is fixed, either 0 or 1. When the embedded domain-walls become two, the total contributions of fermion parity from them become 0. But as we have showed, |P A − P B | = 1, which requires that the two JRBSs must contribute an extra fermion parity 1. Here, we get contradicting results and the initial assumption must be wrong. So the FP JRBS in TSP in region I must trigger an eigen-state with its eigen-energy crossing the zero energy inevitably. In the Supplemental Materials [21] , we have confirmed numerically that the zero energy crossing is robust against a strong lattice distortion.
Majorana Fermion and JRBS.-In the previous discussion, our focus is on JRBS. In this section, we show the coexistence of MF and JRBS and how to switch between the empty state and the occupied state of MZES with the help of JRBS.
In Fig. 4 , we show the typical energy spectrum for an open chain embedded with a domain-wall at the center. In region I, the persistent zero energy state is MZES and the nonzero eigen-energy of JRBS crosses the zero energy at B 0 . As showed explicitly in the figure, the wavefunctions of these states are localized at the domain-wall for JRBS and at the geometrical ends for MZES. When we ignore the MZES by modifying the geometry of the model from chain to ring (no geometrical ends). It is known that the fermion parity of ground state of the ring is changed when B is varying across B 0 because of the zero energy crossing. This is confirmed by the numerical calculation on the parity of the ring. So the ground states on B < B 0 and B > B 0 in region I have different fermion parity. Therefore, if we increase B to cross B 0 with a ring at its ground state initially, the final state must be an excited state and can not spontaneously jump back to the final ground state because the parity is conserved in this process.
When the MZES is reconsidered in a chain, the above excited state can jump back to the final ground state by a parity compensation on MZES. This compensation is achieved by the switching between the empty state and the occupied state of MZES because this switching contributes one parity change. In this manner, with the help of a JRBS embedded in the chain, we would be able to flip between the two states of the MZES still in the restriction that the total fermion parity is conserved. A quantum qubit can be encoded into these two states of one MZES, while in chains without JRBS, two MZESs are needed.
The second model with local AF order.-The second model is schematically showed at the bottom of Fig. 1(a) .
It is the AF order that doubles the unit cell.
We find that this model also possesses two TSPs [21] . In one of these TSPs, called as region I, JRBS bounded on an AF domain-wall can also coexists with MZES. Through a parity calculation on the rings A and B in this new model, we confirm that the JRBS also carries FP. As we have discussed in the previous model, this means that the eigen-energy of JRBS must suffer an unavoidable zero energy crossing in region I. A detailed discussion is presented in the Supplemental Material [21] .
Conclusions.-We have showed that JRBS and MF can coexist in a TSP in 1D models. The eigen-energy of the FP JRBS suffers an unavoidable zero energy crossing. This crossing separates the TSP into two parts with different parities for the ground state. This can be used to switch between the occupied and the empty states of MZES under the conservation of total fermion parity. One should be able to observe such effect by measuring the Josephson current through MZES. As the magnetic field is modified across the crossing point, the Josephson current should suffer a sudden sign jump because the parity on the MZES is changed. It still remains challenging how to experimentally observe the FP JRBS directly. One possible way is to apply the proposal in Ref. [19] , although the electric charge on the domain-wall is not e/2 in this case.
Acknowledgments. 
I. THE FIRST HAMILTONIAN.
We are considering cold fermions trapped in a 1D laser induced lattice. The staggered hoppings like that in the SSH model has been realized in the experiment 1,2 . In a recent proposal 3 , the staggered effective spin-orbital interaction can also be produced with the aid of modern technologies. It was also known that 1D Fermi gas with spin orbital coupling was dominated by Fulde-Ferrell (FF) superfluid phase at low temperature [4] [5] [6] [7] . In this paper, we simulate the FF phase with a stagger pairing coefficient. So the Hamiltonian reads 
which is the first Hamiltonian we studied in the letter.
A. The phase diagram of the first model.
We study the model with periodic boundary condition so that the wave vector k is a good quantum number. A unit cell includes two sub-lattices denoted by A and B respectively.
The Hamiltonian in the Hilbert space (ψ kA↑ , ψ kB↑ , ψ kA↓ , ψ kB↓ , ψ †
where
Through a unitary transformation
the Hamiltonian is transformed to
where I is a 4 × 4 unit matrix and
For a gapped ring, the gap should close at k = 0 or k = π in the Brillouin zone as varying parameters. At these phase boundaries, the nonzero bulk wavefunction at E = 0 implies det(A) = 0. So we have the two phase boundary conditions,
In Fig. 1 These topological nontrivial phases can be confirmed by the existence of boundary states at the geometrical ends. In Fig. 2 region I in 0.05 < |B| < 0.65 and region II in 1.7 < |B| < 2.3. There is also another exotic region in 0.65 < |B| < 1.7, where two MZESs appear. The double-degenerate Kramers MF bound states have been discussed in a two-chains model with particle-hole and time-reversal symmetry in Ref. 9, 10 . The two zero-energy bound states in our model are similar to this MF pair but the time-reversal symmetry has been replaced by the sublattice symmetry when µ = 0.
In Fig. 2(b) , we plot the energy spectrum for the model with periodic boundary condition and the length of ring is changed to N = 401. As the length of the unit cell is 2, the ring contains insuppressible half unit cell. So this ring naturally engages a domain-wall and the energy spectrum exhibits bound states near it. In Fig. 2(b) MZES disappears as there is no geometric end. Outside region I, the energies of bound states are adjacent to the bulk band, implying that the domain-wall can only be considered as a normal impurity. In region I, however, a bound state deep in gap can evolve continuously crossing the zero energy. This implies that domain-wall in region I should be considered as a topological impurity that triggers one JRBS. When µ = 0, through a unitary transformation 
the Hamiltonian can be decoupled into two partitioning parts
We show the dispersion of the eigen-energies for the two partitioning parts, H − and H + , in different phases in Fig. 3 , respectively. C. The evolution of the centers of Wannier functions during Thoulsss pump for the two partial Hamiltonians.
In Fig. 4 , we plot the evolution of the centers of Wannier functions during Thouless pump for the two partial Hamiltonians, H + and H − , respectively. If we combines the two panels together, we reproduce Fig. 2 (b) in the paper. of H − , the pair of lost and gained WFs corresponds to one quasi-particle difference.
The fourth step.-After returning back to the ordinal Nambu representation of H(k), the one quasi-particle difference between A and B corresponds to the difference of the parities of fermion numbers in A and B. Tunning on α R and µ does not disturb this conclusion because the spin-orbital interaction and chemical potential commute with particle number operator so that they also commute with the parity. As each JRBS takes the responsibility of half of this parity difference, we conclude that it carries FP in the presence of superconducting pairing.
E. The robust zero energy crossing against disorder.
We distort the perfect lattice in Fig. 4 in the paper by the disorder, 
II. THE SECOND MODEL WITH LOCAL AF ORDER.
The Hamiltonian reads, When µ = 0, the above Hamiltonian can also be decoupled into two partitioning parts, In Fig. 7 we plot the energy spectrum for a chain with open boundary condition (left column) and for a ring with one AF domain-wall on it (right column). Like that in the first model, the AF domain-wall is simulated by two adjacent M i s pointing to the same direction.
We find in the cases (c), (d), (e) and (f), there is a TSP in which a MF zero energy bound state can coexist with a JRBS. These properties are the same as those showed for the first model.
We also numerically calculate the electric charge carried by an AF domain-wall. As Fig.   8 shows, it is non-universal just as that in the first model. We also numerically calculate the 
